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Viscous± Inviscid Interaction Using the Navier± Stokes Equations

A. Filippone¤ and J. N. Sù rensen ²

Technical University of Denmark, DK-2800 Lyngby, Denmark

A numerical model for the calculationof incompressibleviscous ¯ ows past airfoils and wings has been developed.

The approach is based on a strong viscous± inviscid coupling of a boundaryelement method with the Navier± Stokes
equations in vorticity-stream function formulation. A semiadaptive or fully adaptive grid is used. The interaction

is achieved by iterative updating of the boundary conditions, through the wall transpiration concept. The Navier±
Stokes equations are discretized on a semistaggered grid. Space-marching integration is performed starting from

the stagnation streamline on two independent blocks. Results are presented for two different airfoils. Comparisons
with experimental results and other calculations show that the present algorithm performs well for ¯ ows at angles

of attack up to maximum lift and mild separations.

Nomenclature
A, B = boundary element method in¯ uence matrix
CD = drag coef® cient
C f = skin-friction coef® cient
CL = lift coef® cient
CM = moment coef® cient
C p = pressure coef® cient
D = unit source in¯ uence matrix
G = Green’s function
J = Jacobian matrix
k = curvature

L = nonlinear operator
M = Mach number
N = number of panels
n = unit normal vector
q = velocity vector
r = distance between two points
s = arclength
t = unit tangent vector
x = Cartesian coordinates
a = angle of attack, panel angle
C = circulation
c = vortex strength
d ¤ = displacement thickness
² = 1 + m / m t small quantity
³ = vorticity
h = momentum thickness
m = kinematic viscosity
m t = eddy viscosity
n , g = boundary-® tted coordinate system
r = source strength
u = velocity potential
w = stream function

Subscripts and Superscripts

c = contravariant
e = boundary layer edge
I, J = cell center indices
i = inviscid
i, j = cell vertex indices
n = normal
p = panel
v = viscous

+ = upper side
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¡ = lower side

1 = freestream quantity

Introduction

T HE viscous±inviscid interactionapproach to the calculationof
high Reynolds number ¯ ows is based on splitting the viscous

and invisciddomainsand in the formulationof a couplingalgorithm,
whose solution yields the compatibility of the boundary conditions
(BCs) at ® xed boundaries. The high Reynolds number assumption
alone is not enough to con® ne the viscous domain in a small re-
gion of the wall. This hypothesis must be associated with those
of mild pressure gradients (both in the streamwise and normal di-
rections) and limited wall curvature. In this case, two-dimensional
airfoil ¯ ows currentlycan be solved usingboundary-layerequations
and a viscous±inviscid interaction (VII) technique. This approach
is recognizedas theoreticallycorrect and computationallyef® cient.
Therefore, it usually represents an affordable compromise between
numerical complexity and computational cost.

In the past decade some viscous±inviscid techniques have been
successfullydeveloped for the predictionof separated turbulent air-
foil ¯ ows both at low and high Reynolds numbers in incompress-
ible, compressible, transonic, and supercritical regimes. Presently
there are three alternatives.Le Balleur’s1 semi-inverse scheme with
stability analysis remains a classic robust formulation for airfoil
¯ ows. Another method, called quasisimultaneous,originally devel-
oped by Veldman2 and used by Cebeci et al.3 consists in simultane-
ously coupling a linear combination of pressure and displacement
thickness with the boundary-layertheory. The last alternative is the
fully-simultaneous method. It consists in simultaneously solving
the inviscid and viscous ¯ ow equations,and coupling them through
the residuals with a Newton type of iteration.4

The viscous±inviscid splitting is valid for the classic boundary-
layerequationsand theNavier±Stokesequations(NSE) alike.5 Thus,
the VII strategy appears a very general and attractive approach in
high Reynolds number aerodynamics.

Some methods that make use of the domain decomposition tech-
nique have recently appeared in the literature for the computation
of low-speed and compressible oscillating airfoil ¯ ows.6, 7 In these
works, the integration domain of the NSE encompasses the airfoil
in close proximity.

In the VII technique presented in this paper, the viscous ¯ ow is
modeled by the NSE in vorticity-streamfunction formulation. The
equations are integrated on a semistaggered grid by a space±time
marching scheme. BCs are required at the grid outer contour, at
the wake centerline, and at the stagnation streamline (found iter-
atively). These BCs are given through the ® eld of induced veloc-
ities computed with the inviscid ¯ ow. The viscous±inviscid cou-
pling is performed by iteratively updating the BCs for the viscous
and inviscid solver, via a superposition of equivalent inviscid ¯ ow
(EIF) (Fig. 1). This is a consistent advantage, because there is no
need for underrelaxation or for simultaneous viscous and inviscid
solutions.
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Fig. 1 Overlapping of RVF with EIF for a typical attached boundary
layer.

The advantage of employing the NSE in lieu of the boundary-
layer equations is that greater generality and higher accuracycan be
achieved.Furthermore, the adaptivegrid assures that the stagnation
streamline and the wake line are a part of the computational mesh;
hence, a space-marching procedure is easily performed by inte-
grating the equations from the stagnation line along the main ¯ ow
direction on either side of the airfoil. The formulationof the NSE in
stream function-vorticityvariables avoids the problem of explicitly
determining the pressure variation across the boundary layer. This
choice also facilitates the implementationof the BC, as the vorticity
becomes zero on the grid outer contour, as well as along the grid
lines de® ning the stagnation and the wake line.

The inviscid ¯ ow® eld is modeled by a panel method, and the two
solutiondomains are coupled througha transpirationvelocity.Thus,
the overall solution proceeds, in principle, as a direct interaction
method.

The range of applicability of the model spans from steady ¯ ows
to unsteady ¯ ows at low reduced frequencies and angles of attack
just above CLmax , beyond which point it becomes increasinglydif® -
cult to handle the interactionproblem. This approach is speci® cally
designed to be applied to three-dimensional¯ ows.8

Potential Flow Model
There are severalnumericaltechniquesthat canbeused with more

or less ef® ciency. Among the less ef® cient is the vorticity formula-
tion. This class of methods requires at least a ® rst-order integration
to obtain results comparable with the velocity potential methods at
a given number of panels. Therefore, we will use a velocity po-
tential method to solve the inviscid ¯ ow. The total velocity can be
expressed as

q = q1 + r u (1)

The perturbationpotential satis® es the Laplace equationand can be
transformed into the following integral boundary equation9:

u ¤ = ¡ KSb
[ u

@G

@n ¡ G
@u

@n ] dS ¡ KSw

D u
@G

@n
dS (2)

where Sb and Sw are the body and wake surfaces, respectively.
The wake term is nonzero for unsteady two- and three-dimensional
¯ ows. G is the fundamentalsolution,de® nedby theequation r 2G =
d (x ¡ x ¤ ), where d (x ¡ x ¤ ) is the Dirac delta function. The solution
of the Dirac equation, with G ! 0 as (x ¡ x ¤ ) ! 1 , is the point
source potential G = log(r)/ 2p . The problem is closed with the
condition that

u + = u ¡ = D u w (3)

The wake term determinestheamountof boundvorticityand,hence,
the circulation. Once the equation is solved at the boundary, the
velocity ® eld can be computed with the same representation. This
can be accomplished by taking the gradient of Eq. (2) with respect
to the coordinates of the point x ¤

q ¤ = ¡ KSb
[ u

@( r G)

@n ¡ r G
@u

@n ] dS (4)

This equation provides the correspondingvelocity in¯ uence coef® -
cients used to update the wake. Near the airfoil surface some prob-
lems of numerical accuracy can be encountered.

The discretized compact form of Eq. (2) is

AÁ = RHS (5)

where RHS is the right-hand side with

RHS = B ¢ {@Á

@n } (6)

and

B = bi j = KSu

G(x, x j ) dS
is the in¯ uence matrix depending on the geometry. The solution is
found after inversion of the matrix A.

Viscous Flow Model
To avoid explicit use of the pressure in the interactive procedure,

the vorticity-streamfunction formulationof the NSE is employedas
the viscous ¯ ow model. Besides avoiding the problem of pressure±
velocitycoupling,theadvantageof this formulationis that it consists
of only one transport equation; hence, going from a full NSE repre-
sentation to a parabolized or even a boundary-layer approximation
is easily accomplishedby simple elimination of one or two terms in
the equations.

Taking the curl of the momentum equations and using the de® ni-
tions of stream function and vorticity, we get

@f

@t
+ r ¢ (q f ) =

1

Re r 2[( 1 +
m t

m ) f ] (7)

and

r 2 w = f (8)

where q = (u, v) and m t is the eddy viscosity, which is computed
with the Baldwin±Lomax turbulence model.10

Neglecting the second-order derivatives of the vorticity in the
chordwisedirectionleads to the parabolizedNSE. This typeof equa-
tion is preferred for many practical cases because it can be solved
ef® ciently by using space-marching integration schemes.

Transformationfrom Cartesian coordinates (x , y) to a boundary-
® tted curvilinear mesh is carried out by introducing the general
transformation

n = n (x , y), g = g (x , y) (9)

where ( n , g ) are the coordinatesin the curvilinearsystem.Applying
the chain rule of differentiation and after some manipulation, the
transformed Eqs. (7) and (8) and are formulated in conservative
form as follows:

@( J f )

@t
+ r ¢ (qc f ) =

1

Re r 2[( 1 +
m

m t
) f ] (10)

r 2 w = J f (11)

where qc = (uc, vc) is the contravariantvelocity vector de® ned as

uc
= yg u ¡ xg v , vc

= ¡ y n u + x n v (12)

J is the Jacobianof the transformation,and the Laplacian is de® ned
as

r 2 f =
@

@n [ a
@f

@n + c
@f

@g ] +
@

@g [ b
@f

@g + c
@f

@n ] (13)

with

a = (1/ J )(x2
g + y2

g
) , b = (1/ J )(x2

n + y2
n
)

(14)

c = ¡ (1/ J )(yg yn + xg x n )
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The stream function is now de® ned as

@w

@n = vc ,
@w

@g = ¡ uc (15)

The viscous ¯ ow equations are solved on a C-grid including the
viscous ¯ ow® eld, as well as a part of the inviscid ¯ ow domain.

With this choice, BCs for the vorticity are easily established be-
cause the vorticity is zero at the grid outer contours and on the grid
lines de® ned by the wake and stagnationline. A Neumann condition
is used for the vorticity at the out¯ ow boundary, and at the surface
of the airfoil it is determined directly from Eq. (11). At the airfoil
surface and along the stagnation and wake lines the stream function
is set equal to zero. At the grid outer contour a Neumann condition
is employed:

@w

@g = ¡ uc
I (16)

where uc
I is determined from the inviscid part of the solution. Like-

wise, the out¯ ow boundary condition is given as

@w

@n = v c
I (17)

Numerical Solution
The equations are solved on a body-® tted, staggered C-type grid

with the vorticity located on cell centers and the stream function on
cell vertices. The staggered grid avoids the need of calculating the
vorticity on the solid boundariesand facilitates the determinationof
the contravariant velocity components [Eq. (15)].

The momentum equation (10) is discretized about the center of
each computationalcell employing second-order accurate upwind-
ing for the convective terms and central differences for the Lapla-
cian.The discretizationof Eq. (13) is carried out by employingcen-
tral differences about the grid points C(I , J ), where I , J denote
points at the cell centers:

I = i + 1
2
, J = j + 1

2

The resulting set of equations is solved by the relaxationprocedure
of Wachspress.11 Equations (10) and (11) are solved independently
of each other as a predictor±corrector scheme, where the momen-
tum equation is employed as the predictor and the Poisson equation
for the stream functionworks as the corrector.Thus, the momentum
equation is advanced in time by keeping the stream function ® xed
from the previous time step, after which the stream function is up-
dated from Eq. (11) with the newly calculated vorticity as the RHS
term. The convective terms

r ¢ (qc f ) =
@(uc f )

@n +
@(v c f )

@g
(18)

are treated as follows. In the n direction, we use a three-point
backward differencing if uc

I , J ¸ 0 and a three-point forward dif-
ferencing if uc

I , J < 0. The backward differencing is

[ @(uc f )

@n ]
I , J

=
1

2
[3(uc f ) I , J ¡ 4(uc f ) I ¡ 1, J + (uc f ) I ¡ 2, J ] (19)

The forward differencing is formally the same, with the sign of the
terms in Eq. (19) changed.

In the g direction,we use a ® ve-point differencingaround the cell
center C(I , J ) (the indices i and j denote the cell vertices):

[ @(v c f )

@g ]
I , J

= (v c f ) I , j + 1 ¡ (v c f ) I , j (20)

where

f j = {
1
2
[3 f J ¡ 1 ¡ f J ¡ 2] if v c

j ¸ 0

1
2
[3 f J ¡ f J ¡ 1] if v c

j < 0
(21)

f j + 1 = {
1
2
[3 f J ¡ f J ¡ 1] if v c

j + 1 ¸ 0

1
2
[3 f J + 1 ¡ f J + 2] if v c

j + 1 < 0
(22)

This is known as the MUSCL scheme, which is a second-order
accurate upwinding scheme. Finally, for the time term we use an
Euler implicit scheme:

@f

@t
= L( f ) (23)

f n + 1 ¡ f n

D t
= Ln + 1( f n + 1) (24)

f n + 1 = f n + D t Ln + 1( f n + 1) (25)

The momentum equation is solved along an g line while marching
in the n direction. Because each node j is coupled with its two
neighbors, this scheme results in a set of tridiagonal systems.

VII
The fundamentalconcept used to couple viscous and inviscid so-

lutions is the equivalent inviscid ¯ ow. A distributionof singularities
has to be computed from the wall transpiration concept. The solu-
tion of the overall problem requires one additional equation that is
an explicit condition of unique pressure at the trailing edge. The
converged surface pressure distribution is computed from the VII
solution at the boundary-layerdisplacement surface.

The tools for deriving the characteristicsof the viscous layer are
the conservationequations (continuityand momentum equation).A
general presentation can be derived from the defect formulation,1

which is an extension of Lighthill’s12 method. For this purpose we
consider the viscousand inviscid¯ ows as fully overlapping(Fig. 1).
The inviscid ¯ ow extending in the viscous region, real viscous ¯ ow
(RVF), will be called EIF. We de® ne the displacement thickness d ¤
as the distance measured along local normal n to the airfoil/wake
surface:

d ¤ =
1

qiw ¢ tw * g e

0

(qi ¡ q) ¢ tw dg (26)

where the subscript iw denotes the inviscidquantity at the wall. The
integral term in Eq. (26) is the mass ¯ ow defect due to the decelerat-
ing effects of the viscous ¯ ow. Unfortunately, this de® nition breaks
down in the neighborhood of the stagnation point, where numeri-
cally d ¤ ! 1 as u iw ! 0. Because the ¯ ow is laminar there, we
can use the Falkner±Skan transformation to ® nd an estimate of d ¤ .

Integration of the defect equation in the EIF with the BC qi = q
at g = g e and q = 0 at g = 0 yields

viw =
@

@s
(u iw d ¤ ) (27)

where viw is the transpirationvelocity at the wall.
The momentum thickness h is calculated by integrating the mo-

mentum equation in the normal direction:

h =
1

k qe ¢ tw k 2 * g e

0

q ¢ tw (qe ¡ q) ¢ tw dg (28)

The use of the NSE leads to some problemsrelated to the calculation
of the displacement thickness and the other boundary-layer quan-
tities already de® ned. These problems are 1) determination of the
boundary-layeredge index in the grid je(i ), 2) numerical inaccuracy
at stagnation points, and 3) order of integration.

Critical zones for computing the index j = je are the stagnation
point and the trailing edge. Generally, the index je(i ) is not regular.
Thus, a two-pointbackward±forward low-passSavisky±Golay ® lter
is applied.13 We assume as the edge of the boundary layer the grid
point corresponding to a vorticity f < ², with ² » O(10¡ 2). If the
grid becomes too coarse in the normal direction, the displacement
thickness falls between two points. This gives rise to a nonsmooth
function.

Around the stagnationpoint the difference qi ¡ q is large; there-
fore, integrationof the velocitydistributionfrom Eq. (26) is critical.
To avoid this dif® culty, a laminar Falkner±Skan pro® le14 is used for
about 2±4% on either side.

Equation (26) is formally very accurate. However, due to the
different nature of the viscous and inviscid solutions, the velocity
pro® les sometimes show a mismatch, so that it is necessary to use
a ® rst-order integration in which ui = const = u i [ je(i )].
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If the ¯ ow shows massive separation the dif® culties just men-
tioned become critical. Numerically, it becomes impossible to up-
date the BC.

For a VII solutiona problemarises when computing the resulting
pressure distribution. Outside the viscous layer we have C p = C pi

,
whereas the pressure difference in the RVF and EIF increases in the
boundary layer and assumes a maximum at the wall. The reason for
this difference lies in the presenceof normal pressuregradients and
the streamline curvature. It has been proven that

C pe ¡ Cpw = D Cp » k(h + d ¤ ) (29)

where k is the local curvature of the displacement surface.15 Also,
the pressure at the wall in the RVF is approximately equal to the
pressureat g = h + d ¤ in the EIF. This turnsout to be usefulbecause
the ® nal pressure distribution on the airfoil/wake can be computed
from the EIF once h and d ¤ are known.

The displacementeffect that takes place on the wake is similar to
that on a solid wall. Some jumps arise, due to the viscous effects.
Considering as positive a normal coordinate pointing upward, the
jump in the normal velocity is

D viw =
@

@s [(u iw d ¤ )+

¡ (uiw d ¤ ) ¡ ] (30)

and the jump in the tangential velocity is

D u iw = [ui k(h + d ¤ )]¡ ¡ [u i k(h + d ¤ )]
+

(31)

The latter equation is, in fact, an additional vortex term on the wake
due to the wake curvature,which reduces the circulation.This term
has to be taken into account, at least in highly asymmetric ¯ ows.

Equations(30) and (31) do not ensureunique pressureat the trail-
ing edge for the EIF. Because these jumps must vanish far down-
stream, the Kutta condition is recoveredonly in the far wake. At the
trailing edge proper, there is a pressure gap, due to normal pressure
gradients in the viscous layer. Unique pressure at the trailing edge
is recovered at each iteration by forcing an explicit Kutta condition
that takes into account the viscous effects.At a given VII sweep, we
have a residual

D C p = C+
p ¡ C ¡

p (32)

where the superscripts+ and ¡ denote two points on the upper and
lower displacementsurface (h + d ¤ ), respectively.These two points
are part of the solution. Equation (32) implies that there is a vortex
D c te concentratedat the trailingedge that adjusts the circulationto a
lower value. The relationshipbetween the vortex strength D c te and
the pressure gap D C p at the trailing edge is a nonlinear one. The
physical solution has to be positive; therefore, one can bracket the
interval containing D C p = 0. Because the gradient of this function
isnotknown[with thegradient@( D C p)/ @( D c ), itwouldbepossible
to construct a Newton±Raphson method], the problem is solved
iterativelyusingthe Wijngaarden±Brent inverseparabolicmethod.13

The residual of Eq. (32) is associated to an additional vortex D c te

such that

u 1 ¡ u N + D u w = D c te (33)

Equation (33) is assumed to be the last equationof the system equa-
tion (5). The advantage of this approach is that only the BC at
the trailing edge is updated, whereas the matrix A is inverted only
once and stored for the interactive procedure. At the ® rst sweep,
when there is no viscous effect, D c te = 0 and RHSN = 0. At the
successivesweeps,we set RHSN = D c te. The algorithm is very fast
and converges in six to seven iterations.Other authors, for example,
see Ref. 16, minimize the residual D C p [Eq. (32)] at the trailing
edge, rather than between two appropriate ® eld points.

EIF
The in¯ uence of the viscous ¯ ow is added to the inviscid solution

through the EIF. A summary of the BC is shown in Fig. 2. Because
the airfoil geometry and the wake shape are known, we can con-
struct the unit source in¯ uence coef® cients D = d jk . If the grid is
® xed, this calculation is performed only once, and the matrix D is
stored for the VII.

Fig. 2 Summary of boundary conditions for the EIF.

Fig. 3 NSE integration domain and summary of BCs.

The wake centerline is an overlay of two limiting grid lines. To
avoid ill conditioning,we consider only the nondoubledpoints (the
full matrix would be Nw times singular), that is, the wake points are
counted only once, and the correspondingsource will be computed
from the jump in the normal velocity D vn = v+

iw ¡ v ¡
iw . The total

number of node points is N = Nb + Nw , and the number of panels
is N ¡ 1. Considering a constant strength source distribution, we
compute the velocity induced by the panel j at the control point
of panel k. The in¯ uence coef® cient d jk is the velocity component
normal to the surface; therefore,

d j k = f u, v g jk ¢ nk (34)

In the panel coordinate system, the induced velocity is

u p = ( r /2 p ) (r 2
1/r 2

2
), v p = ( r / 2p )(h 2 ¡ h 1) (35)

From here a transformation into global coordinates is performed.
The induction of a panel on itself yields u p = 0, v p = r /2, and,
hence, d j j = 1

2
. For a given distribution of transpiration velocity

viw , we can solve the EIF from

¾ = D ¡ 1viw (36)

where ¾ is the corresponding source distribution on the airfoil +
wake. The wake curvature effects are recovered with the vorticity
distribution given by Eq. (31):

c j = ¡ 2 D uiw ( j ) (37)

This effect can be neglected for all of the cases where the pressure
gradients are mild, but, in general, it has be taken into account for
¯ ows approaching rear separation.

We considera lineardistributionof r and c over each airfoil/wake
panel. The linear distribution is required to remove the logarithmic
singularity near the surface. However, if the ® eld point falls too
close to a panel, problems of accuracy can be encountered. This
happens when the distance of the ® eld point is O(10¡ 4) chords or
less, which is the size of the ® rst cell of the turbulentNavier±Stokes
mesh. Therefore, interpolation is used.

Interactive Procedure
A C-grid is built around the airfoil section. A hyperbolicmesh is

generated on the basis of a previous potential ¯ ow solution (which
needs an estimate of the angle of attack). The integration domain
is rendered single-connected considering the trailing-edge stagna-
tion streamline as a solid boundary. After computing the leading-
edge stagnation line (via backward fourth-orderRunge±Kutta inte-
gration), the nose region is modi® ed to match one g line with the
stagnation streamline. Now the integration domain consists of two
blocks (Fig. 3).
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Fig. 4 Computed VII pressure distribution vs experimental results for the airfoil AÂerospatiale-A, Re = 2 £ 106 and M = 0.15; dotted line denotes
inviscid solution.

With the parabolized NSE, a semiadaptive grid is recommended
because the BC must be satis® ed exactly on the dividing stream-
line. This streamline changes position as the interactive calculation
proceeds. Wake correction is needed at high angles of attack. The
trailing-edge stagnation streamline may change the sign of its cur-
vature in a neighborhood of the trailing edge and presents some
problems in the automatic updating.

With the computationof the velocityq = f u, v g at the grid points
from Eq. (4), BCs are provided to the parabolized NSE. The angle
of attack is given implicitly through the ® eld of induced velocity.
The interactive procedure consists of the following steps.

1) Solve the inviscid ¯ ow with the boundary element method
(BEM) algorithm.

2) Solve the viscous ¯ ow with the NSE algorithm.
3) Solve the EIF with the EIF algorithm.
4) Iterate between points 2 and 3.
The solution of the EIF requires evaluation of the integral given

by Eq. (26), a differentiation [Eq. (27)], and the calculation and
inversionof thematrix D. Applicationof theexplicitKutta condition
requires calculation of the momentum thickness [Eq. (28)].

The iteration of points 2 and 3 is an outer loop because the EIF is
solved after the NSE has run for a number of time steps (typically,
100). At the start of the solution processwe use the stream function
w i from the BEM as a ® rst guess for the NSE solver. To speedup the
convergence, the values of eddy viscosity and vorticity are stored
during the interactive procedure and retrieved at the beginning of
each NSE solution.

Results
Different airfoils have been studied for the development and val-

idation of the two-dimensionalVII. The results are described in this
section.

AÂerospatiale-A Airfoil

For this airfoil, experimentaldata are widely available.Moreover,
this airfoil has been object of extensive computational ¯ uid dynam-
ics investigation,aimed at developingNSE with suitable turbulence
models.17±19 This extensive testing provides a means to test the
present computationalmethod as well as existing full NSE calcula-
tions. Other calculationsperformedwith interactiveboundary-layer
theory showed that the results are quite sensitive to the turbulence
model used.

The computations were performed on grids with sizes ranging
from (165 £ 37), for the simplest case, to (261 £ 43), for the air-
foil approaching stall and beyond. The height in the normal direc-
tion was 0.1±0.4 chords. The BCs were updated when the resid-
ual decreased by a factor 103±104 . A total of 3±4 VII sweeps was
used, corresponding to a total of 500 NSE iterations. Total com-
puting time was about 15 min/operation point on an SGI Indigo 2
computer.

The relevant experimentaldata were Re = 2 £ 106 and M = 0.15.
Turbulent transition was always tripped, as in the results of
ONERA.17 These experiments consist of two different sets (F1
and F2), which are not in agreement, especially beyond CLmax . For
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Fig. 5 AÂerospatiale-A airfoil at Re = 2 £ 106 , M = 0.15, and ® = 13.3 deg; boundary-layer parameters; VII computations vs experimental results
and other full NSE calculation18 (skin-friction data refer to the suction side of the airfoil).

Fig. 6 Polar calculation for the airfoil AÂerospatiale-A; lift decrease above ® = 13 deg is not due to the extent of the separated area but to a strong
trailing-edge vortex due to the viscous Kutta condition.

example, at a = 13.3 deg, the experimentaldata are CL (F1) = 1.56
and CL (F2) = 1.52; at a = 15.3 deg, the experimental data are
CL (F1) = 1.67 and CL (F2) = 1.29. This discrepancy could be ex-
plained from the fact that the ¯ ow shows a massive rear separation,
that is typical of unsteady ¯ ows.

At angle of attack a = 3.1 deg, the results F2 give a CL higher
than a pure inviscid calculation. A correction in the angle of attack
to a = 3.4 deg (corresponding to the data of the experiment F1)
was performed in our calculations.

Figure 4 shows the ® nal pressure distribution. The ® nal Cp is
denoted by a solid line, the inviscid calculation (where shown) by
a dotted line, and the experimental data by dots. A table in the
upper-rightcorner gives the run data. At the bottom of the graph the
airfoil with the ® nal wake centerline and the displacement surface
is shown. Figure 5 shows the computed displacement thickness and
skin-friction distributions compared to the experimental data and
the calculations of Ref. 18.

Our numericalmodel is able to compute ¯ ows accuratelyat mod-
erate angles of attack. The region around CLmax is less accurate, and
¯ ows with a massive separationcould not be computed.The present

results, therefore, are in agreement with most NSE computations.
The turbulence model (Baldwin±Lomax) could be responsible for
the inaccurate velocity pro® les. Our polar calculation is shown in
Fig. 6.

NACA 0012 Airfoil

The NACA 0012 airfoil, as the AÂerospatiale-A, has been the ob-
ject of extensive experimental and numerical investigation. Calcu-
lations done with both VII and thin-layer NSE20 proved that the de-
termination of the exact turbulent transition is essential for detailed
computations.Our model does not incorporate transition modeling.

Calculations have been performed using a grid size ranging from
(189 £ 37) to (253£ 43),with a size in thenormaldirectionof thegrid
of 0.15±0.35 chords.Comparisonswith the experimental results are
rather good. The computed pressure distribution is shown in Fig. 7
for anglesof attack from6.0 to 14.0.At the Reynoldsnumber tested,
the airfoil does not stall before a = 16 deg. The falloff of the CL

after a = 12 deg is due to the same circumstancesdescribed for the
airfoil AÂerospatiale-A.
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Fig. 7 Computed VII pressure distribution vs experimental results for the airfoil NACA 0012 at Re = 2.88 £ 106 and M = 0.1; turbulent transition
® xed as in the experimental data.

Conclusions
A general viscous±inviscid coupling technique was developed

under the assumption that the viscous and inviscid equations form
a well-posed mathematical problem. The idea is straightforward:
solve the viscous and inviscid equations and couple them through
updated BCs at boundaries that are part of the solution.

The method is quite general and can be used for the solution of
three-dimensionalas well as unsteady ¯ ows. The angle of attack is
needed as only a ® rst guess.

A very limited number of iterations is required by the VII tech-
nique, typically, three to four sweeps. The results are satisfactory
for attachedand mildly separated¯ ows. The accuracy is at the same
level as the current full Navier±Stokes models.

On the other hand, the following has been found.
1) Some limitations in validating the VII are due to the dif® -

culties in correctly computing the new BCs, namely, the blowing
velocity and the displacement quantities. (The blowing velocity is
the derivative of a nonsmooth function.)

2) A full adaptive grid is needed, at least in those cases that have
proven to be the most dif® cult to compute, that is, near CLmax and
beyond.

Acknowledgments
This work was partially supported by Centro Italiano Ricerche

Aerospazialiof Italy spa (Contract 930724/01). The authorswish to
thank P. Renzoni and A. Visingardi for their valuable comments.

References
1Le Balleur, J. C., ª Couplage Visqueux-Non Visqueux: MÂethode NumÂer-

ique et Applications aux Âecoulements Bidimensionnels Transsoniques,º La
Recherche AÂerospatiale, Vol. 1978-2, 1978, pp. 65±76.

2Veldman, A. P., ª New Quasi-Simultaneous Method to Calculate Inter-
acting Boundary Layers,º AIAA Journal, Vol. 19, No. 1, 1981, pp. 79±85.

3Cebeci, T., Clarck, R. W., Chang, K. C., and Halsey, N. D., ªAirfoils
with Separation and Resulting Wakes,º Journal of Fluid Mechanics, Vol.
163, Feb. 1986, pp. 323±347.

4Drela, M., and Giles, M. B., ª Viscous±Inviscid Analysis of Transonic
and Low Reynolds Number Airfoils,º AIAA Journal, Vol. 25, No. 10, 1987,
pp. 1347±1355.

5Le Balleur, J. C., ª New Possibilities of Viscous±Inviscid Numerical
Techniques for Solving Viscous Flow Equations with Massive Separa-
tion,º Proceedings of 4th Symposium on Numerical and Physical Aspects of
Aerodynamic Flows (Long Beach, CA), Springer±Verlag, 1990.

6Ekaterinaris, J. A., Cricelli, A. S., and Platzer, M. F., ªA Zonal Method
for Unsteady, Viscous, Compressible Airfoil Flows,º Journal of Fluids and
Structures, Vol. 8, Aug. 1994, pp. 107±123.

7Tuncer, I. H., Ekaterinaris, J. A., and Platzer, M. F., ª Viscous±Inviscid
Interaction Method for Unsteady Low-Speed Airfoil Flows,º AIAA Journal,
Vol. 33, No. 1, 1995, pp. 151±154.

8Filippone, A., ª Interaction of Potential Flow Model with the Navier±
StokesEquationsforRotor Aerodynamics,º Ph.D. Thesis, Dept. ofFluidMe-
chanics, Rept. AFM 95-07, Technical Univ. of Denmark, Lyngby,Denmark,
Nov. 1995.

9Morino,L., and Kuo, C. C., ª SubsonicPotential Aerodynamics for Com-
plex Con® gurations:A General Theory,º AIAA Journal, Vol. 12, No. 2, 1974,
pp. 191±197.



FILIPPONE AND Sé RENSEN 1471

10Baldwin, B. S., and Lomax, H., ª Thin Layer Approximation and Al-
gebraic Model for Separated Turbulent Flows,º AIAA Paper 78-257, Jan.
1978.

11Wachspress, E. L., Iterative Solutions of Elliptic Systems, Prentice±
Hall, Englewood Cliffs, NJ, 1966, Chap. 4.

12Lighthill, M. J., ª On Displacement Thickness,º Journal of Fluid Me-
chanics, Vol. 4, Aug. 1958, pp. 353±392.

13Press, W. H., et al., Numerical Recipes, Cambridge Univ. Press, New
York, 1992.

14White,F., Viscous FluidFlow, McGraw±Hill, New York, 1974,Chap. 3.
15Lock, R. C., ªA Review of Methods for Predicting Viscous Effects on

Airfoils and Wings at Tansonic Speeds,º Computation of Viscous± Inviscid
Interactions, AGARD CP-291, 1981, pp. 2-1±2-32.

16Arnold, F., and Thiele, F., ª Laplace Interaction Law for the Compu-
tation of Viscous Airfoil Flow in Low- and High-Speed Aerodynamics,º
AIAA Journal, Vol. 31, No. 11, 1994, pp. 2178±2185.

17Kourta, A., ª MaximumLift InvestigationforA-Airfoil,º EUROVALÐA
European Initiative on Validation of CFD Codes, Notes on Numerical Fluid
Mechanics, Vol. 42, Viewig, Braunschweig, Germany, 1992.

18Sù rensen, J. N., Michelsen, J. A., Hansen, M. O. L., Nygreen, P., and
Sù rensen, D. N., ª Incompressible Navier±Stokes Models for Aerodynamics
Flows,º Advances in Fluid Mechanics (to be published).

19Chevalier, G., Houdeville, R., and Cousteix, J., ª PrÂevision du
DÂecronage d’ un Pro® l d’ Aile par RÂesolution des ÂEquations de Navier±
Stokes MoyennÂees,º LaRecherche AÂerospatiale, Vol. 1995-4,1995,pp.277±
294.

20Mehta, U., Chang,K. C., and Cebeci, T., ª Relative Advantages of Thin-
Layer Navier±Stokes and Interactive Boundary Layer Procedures,º NASA
TM-86778, 1985.

D. S. McRae
Associate Editor


